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REPRESENTATION-TAME ALGEBRAS
NEED NOT BE HOMOLOGICALLY TAME
Birge Huisgen-Zimmermann
Abstract. We show that, also within the class of representation-tame finite dimensional
algebras Λ, the big left finitistic dimension of Λ may be strictly larger than the little. In fact,
the discrepancies Fin dimΛ−findimΛ need not even be bounded for special biserial algebras
which constitute one of the (otherwise) most thoroughly understood classes of tame algebras.
More precisely: For every positive integer r, we construct a special biserial algebra Λ
with the property that fin dimΛ = r + 1, while Fin dimΛ = 2r + 1. In particular, there are
infinite dimensional representations of Λ which have finite projective dimension, while not
being direct limits of finitely generated representations of finite projective dimension.
1. Introduction and conventions
Special biserial algebras have a particularly transparent tame finite dimensional rep-
resentation theory. This was shown by Gelfand and Ponomarev for a subclass which is
representation-theoretically linked to the Lorentz group [9]. Their classification of the
finite dimensional representations in a restricted scenario was incrementally extended by
several authors, the final step being due to Wald and Waschbu¨sch [18] (see Theorem 0 be-
low). Our primary goal here is to show that the infinite dimensional representation theory
of special biserial algebras may, from a homological viewpoint, “wildly” deviate from the
finite dimensional: Namely, for any positive integer m, there is a special biserial algebra Λ
with the property that Fin dimΛ − fin dimΛ ≥ m; here fin dimΛ and Fin dimΛ stand for
the left little and big finitistic dimensions of Λ. More precisely, for each r ≥ 1, there is a
special biserial algebra Λ with the property that fin dimΛ = r+1, while Fin dimΛ = 2r+1.
In particular, the structure of infinite dimensional Λ-modules of finite projective dimension
is not simply based on amalgamations of finite dimensional patterns.
On the other hand, we conjecture that, for special biserial algebras Λ, the big finitistic
dimension cannot grow any faster as a function of the little than in our examples; in other
words, we conjecture that Fin dimΛ ≤ 2 fin dimΛ− 1. If confirmed, the conjecture clearly
implies finiteness of Fin dimΛ, given that fin dimΛ is already known to be finite. This
latter fact was proved by Erdmann, Holm, Iyama, and Schro¨er in [7], where it arose as a
consequence of the result that the representation dimension of a special biserial algebra is
at most 3; indeed, by work of Igusa and Todorov [14], the inequality rep dimΛ ≤ 3 implies
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finiteness of the little finitistic dimension. However, the big finitistic dimension eludes this
approach.
To fill in some background: The first finitistic dimension conjecture, originally stated
as a problem in [2], postulated equality of fin dimΛ and Fin dimΛ whenever Λ is finite
dimensional. Its failure first surfaced in [11], where it was shown that the two dimensions
may differ even for monomial algebras. While the discrepancy Fin dimΛ− fin dimΛ can-
not exceed 1 in the monomial case, it is known to take arbitrarily large values for more
general classes of wild algebras. Illustrations of this phenomenon are obtained from the
monomial examples in [11] by way of Rickard’s observation that both big and little finitis-
tic dimensions behave additively on tensor products Λ1⊗K Λ2; a more direct construction
was presented by Smalø in [17]. On the positive side, the equality Fin dimΛ = findimΛ
has been secured for large classes of algebras. For example, it holds whenever the cate-
gory P<∞(Λ -mod) is contravariantly finite in Λ -mod ([12]), this being just the tip of the
iceberg of positive instances.
That the homological behavior of special biserial algebras should be understood so late
in the game, and in slow increments at that, is somewhat surprising, as they constitute
one of the most thoroughly investigated classes of tame algebras, next to the hereditary
algebras based on (extended) Dynkin graphs. They have, in fact, developed into a showcase
for representation-theoretic techniques, due to the combined facts that • they occur widely
in contexts of interest (such as the representation theory of the Lorentz group and among
blocks of group algebras in characteristic 2; see [9], [3], [16], [5] and [6], for instance) and •
the structure of their indecomposable finite dimensional representations is fully understood;
it is governed by two simple templates, strings and bands (for use in our arguments, we
define them below). The firm grip on the finite dimensional representations was, in turn,
extensively used towards understanding Auslander-Reiten quivers and numerous other
aspects of special biserial algebras, while the homological analysis lagged behind. The first
foray in the latter direction, in [13], addressed only string algebras, i.e., special biserial
algebras which are monomial; in this setting, the two finitistic dimensions do coincide,
and the finite value is easily computed from quiver and relations. It was followed by the
seminal result in [7] regarding the little finitistic dimension in the general special biserial
case.
Notation and Terminology. Our (arbitrary) base field will be consistently labeled K.
For any finite dimensional algebra ∆, we denote by ∆-Mod and ∆-mod the category of
all left ∆-modules and the subcategory consisting of the finitely generated left ∆-modules,
respectively. By P<∞(∆-mod), resp. P<∞(∆-Mod), we mean the full subcategory based
on the objects of finite projective dimension in the indicated module category. The left
little and big finitistic dimensions of ∆ are
fin dim∆ = sup{p dimM |M ∈ P<∞(∆-mod)}
and
Fin dim∆ = sup{p dimM |M ∈ P<∞(∆-Mod)}.
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Even though both of these invariants are side-sensitive, we will suppress the qualifier “left”,
since we will focus on left modules throughout.
All of our algebras ∆ will be path algebras modulo admissible ideals. If ∆ = KQ/I,
we identify the set of vertices of Q with a full set {e1, . . . , en} of orthogonal primitive
idempotents of ∆. Moreover J = J(∆) will denote the Jacobson radical. Given M ∈ ∆-
Mod, we call an element x ∈ M a top element of M if x ∈ M \ JM and x is normed by
some vertex ei, i.e., x = eix. A full family of top elements of M is a family (xa)a∈A of top
elements which generatesM and is K-linearly independent modulo JM . Note: Given such
a full family of top elements of M , the direct sum
⊕
1≤i≤n(Λei)
(Ai) is a projective cover
of both M and M/JM ; here Ai = {a ∈ A | eixa = xa}. Our convention for composing
paths in KQ is as follows: qp stands for “q after p”.
Background on special biserial algebras.
Throughout, Λ will stand for a special biserial algebra. This means that Λ = KQ/I,
where • Q is a quiver with the property that no vertex occurs as the starting point of more
than two arrows or as the endpoint of more than two arrows; and • for every arrow α of
Q, there is at most one arrow β with αβ /∈ I and at most one arrow γ with γα /∈ I. We
refer to the extensive bibliography of [13] for much of the work on this class of algebras.
The definition impinges on the structure of the indecomposable projective left Λ-modules
Λei as follows: Either (a) Jei is the direct sum of two uniserial modules U1 and U2 (with
Uj = 0 permissible), or else (b) Jei = U1 + U2 with Uj uniserial and U1 ∩ U2 simple.
We start by recalling the pivotal theorem that classifies the indecomposable objects
in Λ -mod. In its present form, it was established by Wald and Waschbu¨sch [18], the
underlying ideas having evolved in a sequence of successive generalizations.
Theorem 0. (See [9, 16, 3, 5, 4, 18]) Apart from the indecomposable projective left Λ-
modules of type (b) above, the indecomposable representations in Λ -mod are either string
or band modules (to be described next). Conversely, all strings and bands are indecompos-
able. 
We slightly modify the existing notation to describe string and band modules for our
present purpose. In particular, we address their graphs (in the sense of [1, Definition 3.9]),
since those provide the most convenient means of computing and displaying syzygies. The
set P of paths that feed into the definition of “words” depends on both Q and I: We
call a path p in KQ \ I a syllable in case p 6= kq modulo I for all k ∈ K∗ and all paths
q ∈ KQ \ {p}; if p starts in the vertex ei, the latter means that the indecomposable
projective module Λei is either of type (a) above, or else satisfies Λp % socΛei in type (b).
More generally, a syllable is any element of the set P ⊔ P−1. The paths of length 0, i.e.,
the vertices of Q will be called the trivial paths; the trivial paths and their inverses are
also referred to as trivial syllables. (Generalized) words are Z-indexed sequences of pairs
of syllables w = (p−1i qi)i∈Z with pi, qi ∈ P, which we also communicate as juxtapositions
. . . (p−1r qr) . . . (p
−1
−1q−1)(p
−1
0 q0)(p
−1
1 q1) . . . (p
−1
s qs) . . .
subject to the following constraints:
• For each i ∈ Z, the starting points of pi and qi coincide, but the first arrows of pi
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and qi are distinct whenever both pi and qi are nontrivial.
• For each i ∈ Z, the end points of qi and pi+1 coincide, but the last arrows of qi and
pi+1 are distinct whenever both qi and pi+1 are nontrivial.
• No trivial syllables occur between two nontrivial syllables (i.e., the nontrivial syl-
lables form a ‘connected component’).
A word w = (p−1i qi)i∈Z will be called finite in case, for all i≫ 0 and all i≪ 0, the syllables
with index i are trivial; finite words are also communicated as finite juxtapositions (p−1i qi)
in which the nontrivial syllables are preserved. More generally, we do not insist on recording
trivial syllables; keep in mind that they can only occur at the left or right tail ends of a
word. It is self-explanatory what we mean by a left or right finite word, and by a left or
right periodic generalized word.
String modules : Each (generalized) word w = (p−1i qi)i∈Z gives rise to a (generalized)
string module St(w), that is, a module M having a graph of the form
· · ·
•
xi−1
pi−1
✡✡
✡✡
✡✡
qi−1 ✹✹
✹✹
✹✹
•
xi
pi
✡✡
✡✡
✡✡
qi ✹✹
✹✹
✹✹
•
xi+1
pi+1
✡✡
✡✡
✡✡ qi+1
✹✹
✹✹
✹✹
· · ·
· · · • • • • · · ·
relative to a full family (xi)i∈Z of top elements of M . More formally: If w is trivial, say
w = e, then St(w) is the simple module Λe/Je. Now suppose that w is nontrivial, and let
supp(w) be the set of all those integers j for which either pj or qj is nontrivial. Moreover,
let e(i) be the joint starting vertex of pi and qi and Λzi a copy of Λe(i) with e(i)zi = zi.
Then
St(w) =
( ⊕
i∈supp(w)
Λzi
) /
C , where
C =
( ∑
i,i+1∈supp(w)
Λ
(
qizi − pi+1zi+1
))
+ Cleft + Cright,
with cyclic correction terms Cleft and Cright trimming the left and right ends in case w is
finite; they are defined as follows: Cleft = 0 if either supp(w) is unbounded on the negative
Z-axis or else l = inf supp(w) ∈ Z and there is no arrow α with the property that αpl
is again a path in KQ \ I; in the remaining case, where l ∈ Z and there exists an arrow
α (necessarily unique) such that αpl ∈ KQ \ I, we set Cleft = Λαpl zl. The right-hand
correction term Cright is defined symmetrically. Clearly, St(w) is finite dimensional over K
precisely when w is a finite word; the finite dimensional string modules are the “traditional”
ones. That also infinite dimensional (i.e., generalized) string modules are indecomposable
was shown in [15]. Note moreover that all of the indecomposable projective Λ-modules
which are of type (a), as introduced above, are among the string modules.
Band modules : The second class of indecomposable representations of Λ -mod is defined
as follows: Suppose that v = p−10 q0 . . . p
−1
t qt is a finite word with t ≥ 0 and p0, qt both
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nontrivial; by our conventions, this amounts to the same as to require that all pi and qi
be nontrivial. We call v primitive if
• the juxtaposition v2 = vv is again a word (in which case all powers vr are words),
and
• v is not itself a power of a strictly shorter word.
In addition to the primitive word v, let r be a positive integer and φ : Kr → Kr an
irreducible automorphism with Frobenius companion matrix


0 · · · 0 c1
1
. . .
...
. . . 0
...
0 · · · 1 cr

 .
Moreover, let St(vr) be the string module with graph
•
x10
p0
✌✌
✌✌
✌✌ q0
✶✶
✶✶
✶✶
•
x11
p1✌✌
✌✌
✌✌ q1
✶✶
✶✶
✶✶
•
x1t
pt
✌✌
✌✌
✌✌ qt
✶✶
✶✶
✶✶
•
x20
p0✌✌
✌✌
✌✌ q0
✶✶
✶✶
✶✶
•
xr−1,t
pt
✌✌
✌✌
✌✌ qt
✶✶
✶✶
✶✶
•
xr0
p0✌✌
✌✌
✌✌ q0
✶✶
✶✶
✶✶
•
xrt
pt
✌✌
✌✌
✌✌ qt
✶✶
✶✶
✶✶
• • • • • • • • • • •
relative to a suitable full family x10, . . . , x1t, x20, . . . , x2t, . . . , xr0, . . . , xrt of top elements.
In particular, qjxij = pj+1xi,j+1 for 0 ≤ i ≤ r and 1 ≤ j < t, and qtxit = p0xi+1,0 for
i < r. Then the band module Bd(vr, φ) is defined as follows:
Bd(vr, φ) = St(vr)/Λ
(
qtxrt −
r∑
i=1
cip0xi0
)
.
Clearly, the canonical images yij of the xij in Bd(v
r, φ) constitute a full family of top
elements of Bd(vr, φ); they satisfy the string equations, as well as the one additional
equation
qtyrt =
r∑
i=1
cip0yi0.
Relative to the family (yij), the band module Bd(v
r, φ) is graphed in the form
•
y10
p0
✌✌
✌✌
✌✌ q0
✶✶
✶✶
✶✶
•
y11
p1✌✌
✌✌
✌✌ q1
✶✶
✶✶
✶✶
•
y1t
pt
✌✌
✌✌
✌✌ qt
✶✶
✶✶
✶✶
•
y20
p0✌✌
✌✌
✌✌ q0
✶✶
✶✶
✶✶
•
yr−1,t
pt
✌✌
✌✌
✌✌ qt
✶✶
✶✶
✶✶
•
yr0
p0✌✌
✌✌
✌✌ q0
✶✶
✶✶
✶✶
•
yrt
pt
✌✌
✌✌
✌✌ qt
✶✶
✶✶
✶✶
• • • • • • •...........
....
....................................
....
.......................................................................................................................................
...
...
...
....................................................
.....
.......................
• • • •
6 BIRGE HUISGEN-ZIMMERMANN
where the dotted line that encircles the vertices representing the elements p0y10, . . . ,
p0yr0, qtyrt in the socle of Bd(v
r, φ) encodes the information that the K-space spanned
by these r + 1 elements has dimension r.
In contrast to the graph of a string module, the graph of a band module B = Bd(vr, φ)
does not pin B down up to isomorphism, but communicates a one-parameter family of
band modules. It is the combination of the graph with the eigenvalue of φ that determines
the isomorphism class of a specific member of this family.
2. Syzygies over special biserial algebras
As before, Λ = KQ/I is a special biserial algebra. The folllowing auxiliary facts con-
cerning syzygies and projective dimensions of band and (generalized) string modules over
special biserial algebras will be freely used in the next section. The arguments backing
them can be found in Julia Galstad’s thesis ([8]), which is presently in progress.
Proposition 2.1. Any syzygy of a (generalized) string module is a direct sum of general-
ized string modules. Moreover, if w = (p−1i qi)i∈Z is a generalized word, then the following
are equivalent:
(a) Ω1
(
St(w)
)
is decomposable.
(a) The projective cover of St(w) contains at least one direct summand that is a string
module (in other words, at least one of the indecomposable direct summands of this
cover is projective of type (a)).
Proposition 2.2. Let v be a primitive word and v̂ the corresponding two-sided infinite
generalized word ...vvv... . Moreover, let m be any positive integer and ψ an irreducible
automorphism of Km. Then:
(a) The following statements are equivalent:
• Ω1
(
Bd(vm, ψ)
)
is a band module.
• Ω1
(
St(v̂)
)
is an indecomposable generalized string module.
• None of the indecomposable direct summands of the projective cover of St(v) is
a string module.
If these conditions fail to be satisfied, then Ω1
(
Bd(vm, ψ)
)
is a direct sum of string
modules.
(b) For any m ≥ 1 and any cyclic automorphism ψ ∈ AutK(K
m),
p dimBd(vm, ψ) = pdimSt(v̂).
(c) If uvvv . . . is a right periodic generalized word such that St(uvvv . . . ) has finite pro-
jective dimension, then p dimBd(vm, ψ) <∞ for any m ≥ 1 and any cyclic automorphism
ψ of Km. A symmetric statement holds for left periodic generalized words.
In the upcoming example, the big finitistic dimension of Λ will be attained on a right
periodic generalized string module as described in part (c) of the preceding proposition.
We note that, for any band module B, a graph of Ω1(B) is obtainable at a glance from a
graph of B and the graphs of the indecomposable projective modules Λei. That the same
holds for string modules is still more obvious. Illustrations will abound in Section 3.
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3. The family of examples
Fix r ≥ 1. We begin by constructing a string algebra (a special biserial algebra which
is also monomial), labeled Λ1 = KQ
(1)/I1, with fin dimΛ1 = Fin dimΛ1 = r+1, and then
recursively move to successive one-point extensions. This process will yield special biserial
algebras Λm for all m with the property that Fin dimΛm = Fin dimΛm−1 + 1, while the
little finitistic dimensions of the Λm remain stationary for m ≤ r + 1. The algebra Λr+1
will then realize the maximal discrepancy between big little finitistic dimensions occurring
in the series Λ1,Λ2,Λ3, . . . ; namely Fin dimΛr+1 = 2r + 1 = 2findimΛr+1 − 1.
The quiver Q(1) is as follows, and the paths generating I1 can be gleaned from the
graphs of the indecomposable projective left Λ1-modules given below.
dr
...
OO
d0
OO
a1
α′1oo α1 // a0
α0
!!
α′0

c1
γ1oo
γ′1 // b0
β′0
✡✡
✡✡
✡✡
✡
β0
✽
✽✽
✽✽
✽✽
b1
β1oo
β′1 // c0
γ′0
✡✡
✡✡
✡✡
✡
γ0
✾
✾✾
✾✾
✾✾
u ZZ v ZZ b−1WW w ZZ c−1 WW
The graphs of the indecomposable projectives in Λ1-mod:
a0
☞☞
☞☞
☞
✷✷
✷✷
✷ a1
✎✎
✎✎
✎
✵✵
✵✵
✵ b0
✏✏
✏✏
✏
✷✷
✷✷
✷ b1
☛☛
☛☛
☛
✺✺
✺✺
✺✺
c0
✎✎
✎✎
✎
✷✷
✷✷
✷ c1
☞☞
☞☞
☞
✴✴
✴✴
✴
u c0 d0 a0 v b−1 b0 c0 w c−1 a0 b0
c−1 u b−1 w c0 v
c−1
b−1 c−1 u v w d0 d1 · · · dr−1 dr
•
b−1 c−1 u v w d1 d2 · · · dr
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Claim 1. fin dimΛ1 = Fin dimΛ1 = r + 1, and
r = max{Λ1 q | q is a path of positive length in KQ
(1) \ I1 such that p dimΛ1 q <∞}.
Moreover, the only path p with p dimΛ1p = r is p = α
′
1.
Proof. That r equals the displayed maximum is straightforward. Using [10, Corollary II],
we deduce that fin dimΛ1 and Fin dimΛ1 both belong to {r + 1, r + 2}. Given that α
′
1 is
the only path generating a cyclic module of projective dimension r, we derive from [10,
Theorem VI] that, in fact, fin dimΛ = Fin dimΛ = r + 1. 
The construction of Λm form = 2 deviates from the pattern that underlies the definition
of the Λm for m ≥ 3 and will be described separately. The quiver Q
(2) is obtained from
Q(1) through three successive one-point extensions, the first adding a vertex c2, followed
by the addition of two further vertices a2, b2; there are six new arrows as shown below.
b2
β2
☞☞
☞☞
☞ β′2
✷
✷✷
✷✷
✷ c2
γ2
☞☞
☞☞
☞☞ γ′2
✷
✷✷
✷✷
a2
α2
☛☛
☛☛
☛☛ α′2
✷
✷✷
✷✷
✷
b1 c1 c1 b1 a1 c2
We define Λ2 = KQ
(2)/I2, where I2 is the ideal generated by I1 and the following ele-
ments in KQ(2): α1α2 − γ1γ2α
′
2, γ
′
1β
′
2 − β1β2, and β
′
1γ
′
2 − α0γ1γ2, next to all those paths
starting in one of the vertices a2, b2, c2 which are not subpaths of any of the six paths
involved in the preceding binomial relations. The relations imposed on Λ2 are more sugges-
tively communicated (if only up to nonzero scalars) by the graphs of the three additional
indecomposable projective left Λ2-modules:
a2
✞✞
✞✞
✞✞
✼✼
✼✼
✼✼
b2
✟✟
✟✟
✟✟
✻✻
✻✻
✻ c2
✟✟
✟✟
✟
✼✼
✼✼
✼✼
a1
✰✰
✰✰
✰✰
✰✰
✰✰
✰✰
c2 c1
✻✻
✻✻
✻ b1
✟✟
✟✟
✟
b1
✰✰
✰✰
✰✰
✰✰
✰✰
✰✰
c1
c1
✝✝
✝✝
✝
b0 a0
✝✝
✝✝
✝
a0 c0
Given Λm−1 = KQ
(m−1)/Im−1 form ≥ 3, we define Q
(m) to be the quiver obtained from
Q(m−1) via two one-point extensions (not interlinked), adding vertices am, bm, together
with four arrows as displayed below.
am
αm
☎☎
☎☎
☎☎
☎ α′m
✾
✾✾
✾✾
✾ bm
βm
✆✆
✆✆
✆✆ β′m
✾
✾✾
✾✾
✾✾
am−1 bm−1 bm−1 am−1
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For each integer m ≥ 3, the ideal Im is to be generated by Im−1, two additional binomial
relations, to be described separately for m ∈ {3, 4} and m ≥ 5, and all those paths
starting in am or bm which are not subpaths of any of the four paths involved in the added
binomial relations in Im. For I3, the additional binomial relations are γ2α
′
2α3 − β
′
2α
′
3 and
β2β3 − γ
′
2β
′
3. For I4, they are α
′
3α4 − β3α
′
4 and β
′
3β4 − α
′
2β3α
′
4. In a visually intuitive
format, these relations are reflected by the graphs of the new indecomposable projective
modules Λ3ea3 and Λ3eb3 , resp., Λ4ea4 and Λ4eb4 :
a3m = 3
✞✞
✞✞
✞✞
✼✼
✼✼
✼ b3
✟✟
✟✟
✟
✻✻
✻✻
✻✻
a4m = 4
✞✞
✞✞
✞✞
✼✼
✼✼
✼ b4
✟✟
✟✟
✟
✼✼
✼✼
✼✼
a2 b2
✓✓
✓✓
✓✓
✓✓
✓✓
✓✓
b2
✻✻
✻✻
✻ c2
✟✟
✟✟
✟
a3
✼✼
✼✼
✼ b3
✞✞
✞✞
✞
b3
✰✰
✰✰
✰✰
✰✰
✰✰
✰✰
a3
c2
✽✽
✽✽
✽ b1 b2 a2
✝✝
✝✝
✝
c1 c2
Form ≥ 5, finally, the additional relations are α′m−1αm−βm−1α
′
m and β
′
m−1βm−αm−1β
′
m.
They yield the following graphs of the indecomposable projective Λm-modules, Λmeam and
Λmebm :
am
⑥⑥
⑥⑥
⑥⑥
⑥
❅❅
❅❅
❅❅
bm
⑥⑥
⑥⑥
⑥⑥
❆❆
❆❆
❆❆
❆
am−1
❅❅
❅❅
❅❅
bm−1
⑦⑦
⑦⑦
⑦⑦
bm−1
❅❅
❅❅
❅❅
am−1
⑥⑥
⑥⑥
⑥⑥
bm−2 am−2
Since numerous syzygies need to be computed in ascertaining that this class of algebras
behaves as postulated, we include a diagrammatic overview which allows us to find syzygies
of (generalized) string modules at a glance; see the Orientation Diagram below. For any
word w “starting” in a vertex xm, where x ∈ {a, b, c} and m ≥ 2, either St(w) or St(w
−1)
is on display in a horizontal zigzag line, with the corresponding syzygy showing below it
(alternately traced with single or double edges).
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a6
α6
☛
☛
☛
☛
☛
☛
☛
☛
✸✸
✸✸
✸✸
✸✸
✸✸
✸✸
b6
☛☛
☛☛
☛☛
☛☛
☛☛
☛☛
✸✸
✸✸
✸✸
✸
✸✸
✸✸
✸✸
✸
a6
☛☛
☛☛
☛☛
☛
☛☛
☛☛
☛☛
☛
✸✸
✸✸
✸✸
✸✸
✸✸
✸✸
b6
☛☛
☛☛
☛☛
☛☛
☛☛
☛☛
✸✸
✸✸
✸✸
✸
✸✸
✸✸
✸✸
✸
a6
☛☛
☛☛
☛☛
☛
☛☛
☛☛
☛☛
☛
a5
α5
☛
☛
☛
☛
☛
☛
☛
☛
α′5
✸✸
✸✸
✸✸
b5
β5
☛☛
☛☛
☛☛ β′5
✸✸
✸✸
✸✸
✸ a5
☛☛
☛☛
☛☛
☛
✸✸
✸✸
✸✸
b5
☛☛
☛☛
☛☛
✸✸
✸✸
✸✸
✸ a5
☛☛
☛☛
☛☛
☛
✸✸
✸✸
✸✸
a4
α4
☛
☛
☛
☛
☛
☛
☛
☛
α′4
✸✸
✸✸
✸✸
✸✸
✸✸
✸✸
b4
β4☛☛
☛☛
☛☛
☛☛
☛☛
☛☛ β′4
✸✸
✸✸
✸✸
✸
✸✸
✸✸
✸✸
✸
a4
α4☛☛
☛☛
☛☛
☛
☛☛
☛☛
☛☛
☛
✸✸
✸✸
✸✸
✸✸
✸✸
✸✸
b4
☛☛
☛☛
☛☛
☛☛
☛☛
☛☛
✸✸
✸✸
✸✸
✸
✸✸
✸✸
✸✸
✸
a4
☛☛
☛☛
☛☛
☛
☛☛
☛☛
☛☛
☛
✸✸
✸✸
✸✸
✸✸
✸✸
✸✸
b4
☛☛
☛☛
☛☛
☛☛
☛☛
☛☛
a3
α3
✕
✕
✕
✕
✕
✕
✕
✕
✕
✕
✕
✕
✕
✕
α′3
✮✮
✮✮
✮✮
✮✮
✮✮
✮✮
✮✮
b3
β3
✕✕
✕✕
✕✕
✕✕
✕✕
✕✕
✕✕
β′3
✮✮
✮✮
✮✮
✮✮
✮✮
✮✮
✮✮
a3
α3
✕✕
✕✕
✕✕
α′3
✮✮
✮✮
✮✮
✮✮
✮✮
✮✮
✮✮
b3
γ3
✕✕
✕✕
✕✕
✕✕
✕✕
✕✕
✕✕
γ′3
✮✮
✮✮
✮✮
✮✮
✮✮
✮✮
✮✮
a3
✕✕
✕✕
✕✕
✮✮
✮✮
✮✮
✮✮
✮✮
✮✮
✮✮
b3
✕✕
✕✕
✕✕
✕✕
✕✕
✕✕
✕✕
✮✮
✮✮
✮✮
✮✮
✮✮
✮✮
✮✮
a2
α′2
✕✕
✕✕
✕✕
a2
✕✕
✕✕
✕✕
a2
α2
✕
✕
✕
✕
✕
✕
✕
✕
✕
✕
✕
✕
✕
✕
α′2✮✮
✮✮
✮✮
✮✮
✮✮
✮✮
b2
β′2
✕✕
✕✕
✕✕
✕✕
✕✕
✕✕
✕✕
✕✕
✕✕
✕✕
✕✕
✕✕
✕✕
✕✕ β2
✸✸
✸✸
✸✸
✸✸
✸✸
✸✸
c2
γ′2☛
☛☛
☛☛
☛
☛☛
☛☛
☛☛ γ2
✸✸
✸✸
✸✸
✸
✸✸
✸✸
✸✸
✸
b2
☛☛
☛☛
☛☛
☛
☛☛
☛☛
☛☛
☛
✸✸
✸✸
✸✸
✸✸
✸✸
✸✸
c2
☛☛
☛☛
☛☛
☛☛
☛☛
☛☛
✸✸
✸✸
✸✸
✸
✸✸
✸✸
✸✸
✸
b2
☛☛
☛☛
☛☛
☛
☛☛
☛☛
☛☛
☛
✸✸
✸✸
✸✸
✸✸
✸✸
✸✸
c2
☛☛
☛☛
☛☛
☛☛
☛☛
☛☛
c2
γ2 ✮✮
✮✮
✮✮
✮✮
✮✮
✮✮
b1
β1
✕✕
✕✕
✕✕
✕✕
✕✕
✕✕
✕✕
β′1
✮✮
✮✮
✮✮
✮✮
✮✮
✮✮
✮✮
c1
γ1
✕✕
✕✕
✕✕
γ′1
✮✮
✮✮
✮✮
✮✮
✮✮
✮✮
✮✮
b1
✕✕
✕✕
✕✕
✕✕
✕✕
✕✕
✕✕
✮✮
✮✮
✮✮
✮✮
✮✮
✮✮
✮✮
c1
✕✕
✕✕
✕✕
✮✮
✮✮
✮✮
✮✮
✮✮
✮✮
✮✮
b1
✕✕
✕✕
✕✕
✕✕
✕✕
✕✕
✕✕
✮✮
✮✮
✮✮
✮✮
✮✮
✮✮
✮✮
a1
α′1
☛
☛
☛
☛
☛
☛
α1 ✸✸
✸✸
✸✸
✸ c1
γ1
☛☛
☛☛
☛☛
☛
γ′1
✸✸
✸✸
✸✸
a0
α0
✕✕
✕✕
✕✕
a0
✕✕
✕✕
✕✕
d0 a0
α′0
✕
✕
✕
α0
✮
✮
✮ b0
β′0
✕
✕
✕
β0
✮
✮
✮ c0
γ′0
✕
✕
✕
γ0
✮
✮
✮ b0
✕
✕
✕
✮
✮
✮ c0
✕
✕
✕
✮
✮
✮ b0
✕
✕
✕
✮
✮
✮ c0
✕
✕
✕
u c0
γ0
✮
✮
✮ v b−1 w c−1 v b−1 w c−1 v b−1 w
c−1
Orientation Diagram
Claim 2. Let m ≥ 2. Then every finite dimensional string module which belongs to
Λm-mod but not to Λm−1-mod has infinite projective dimension.
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Proof. Let M = St(w) be a string module in (Λm-mod) \ (Λm−1-mod), where w =
p−11 q1 . . . p
−1
s qs and the syllables p
−1
1 and qs may be trivial. Once we have proved the
claim for m = 2, it will follow for all m > 2 by induction: Indeed, suppose m ≥
3. In light of Proposition 2.1 and the graphs of the indecomposable projective Λm-
modules, the first syzygy Ω1(M) is again a nonzero string module; it either belongs to
(Λm−1-mod) \ (Λm−2-mod), or else m = 3, and Ω1(M) is isomorphic to one of the
simple modules Sb1 , Sc1 . (To verify this, observe that the only string modules M in
(Λ3-mod) \ (Λ2-mod) which have a syzygy in Λ1-mod are of the form Λx3/ socΛx3 where
x ∈ {a, b, c}.)
Next we focus on the case m = 2, where the argument is cumbersome, if elementary.
We include enough detail to indicate a strategy for the check: First, one verifies that
p dimM =∞ whenever M is a string module with simple top; in particular, this includes
the simple modules Sa2 , Sb2 , Sc2 .
Now assume that the top of M is not simple. By hypothesis, M has at least one top
element normed by an idempotent among ea2 , eb2 , ec2 ; in fact, either the first or the
last nontrivial syllable of w involves a path in Q(2) which does not belong to Q(1). Since
St(w) ∼= St(w−1), where w−1 = q−1s ps . . . q
−1
1 p1, it is therefore harmless to assume that
either p1 does not belong to Q
(1) or else p1 is trivial and q1 does not belong to Q
(1).
If p1 = γ
′
2, then w = (γ
′
2)
−1γ2(β
′
2)
−1 · · · , or w = (γ′2)
−1(γ1γ2)(α1)
−1 · · · . In either
case, the second syzygy of M has a direct summand Sc
−1
, clearly of infinite projective
dimension. If p1 is trivial and q1 = γ
′
2, the w = γ
′
2(β2)
−1 · · · , and Ω2(M) has a uniserial
direct summand with top Sb0 and radical Sv, again of infinite projective dimension.
If p1 = γ2, then w = (γ2)
−1γ′2(β2)
−1 · · · , which places a direct summand Su into Ω
2(M).
If p1 is trivial and q1 = γ2, then w = γ2(β
′
2)
−1 · · · , in which case the second syzygy of M
has a uniserial direct summand with top Sb0 and radical Sb−1 . In either case, this shows
the projective dimension of St(w) to be infinite.
Suppose that p1 = γ1γ2. Then w = (γ1γ2)
−1γ′2(β2)
−1 · · · , and the second syzygy of
M has a direct summand Sw. If, on the other hand p1 is trivial and q1 = γ1γ2, then
w = (γ1γ2)(α1)
−1 · · · , and we again find the uniserial module with top Sb0 and radical
Sb
−1
as a direct summand of Ω2(M).
Similarly, one deals with the cases, where • p1 = β2 or • p1 is trivial and q1 = β2 or •
p1 = β
′
2, or • p1 is trivial and q1 = β
′
2.
The choice p1 = γ2α
′
2 leads to a single word extending p
−1
1 to the right, namely
(γ2α
′
2)
−1α2; this is due to the fact that α2 is the only arrow terminating in a1. The
corresponding string module has simple top, and hence was addressed in the preliminary
step. If p1 is trivial and q1 = γ2α
′
2, then w is on the list γ2α
′
2(β
′
2)
−1, γ2α
′
2(β
′
2)
−1β2,
γ2α
′
2(β
′
2)
−1β2(γ
′
2)
−1, γ2α
′
2(β
′
2)
−1β2(γ
′
2)
−1γ2, . . . . For each of these words, the inverse is
among the words that have already been discussed.
For any word w = (α2)
−1(γ2α
′
2)(β
′
2)
−1 · · · , the second syzygy Ω2(St(w)) has a uniserial
direct summand whose top is Sc0 and whose radical is Sc−1 . As for the case, where p1 is
trivial and q1 = α2: Observe that there is no multisyllabic word w extending (p1)
−1q1,
since α2 is the only arrow terminating in a1.
In case p1 = α
′
2, the only word properly extending the syllable p
−1
1 to the right is
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(α′2)
−1α2, again leading to a string module with simple top. If, on the other hand p1
is trivial and q1 = α
′
2, the (essentially) monosyllabic word p
−1
1 q1 has no proper right
extension, since the arrow α′2 is the only one terminating in c2; thus it again results in a
string module with simple top. This establishes Claim 2. 
Claim 3. All band modules in Λ1-mod have projective dimension 1. For m ≥ 2, all
band modules in (Λm-mod) \ (Λm−1-mod) have projective dimension m. Combined with
Theorem 0 and the preceding claims, this yields fin dimΛm = r+1 whenever 1 ≤ m ≤ r+1.
Proof. We first derive the final statement from the first. That fin dimΛm ≥ fin dimΛ1 =
r + 1 is due to the fact that Λ1-mod is a subcategory of Λ -mod. In light of Theorem 0,
the reverse inequality will follow from Claim 2, once the postulated homological behavior
of band modules is proved.
Any band module B in Λ1-mod is based on the primitive word v1 = (β1)
−1β′1(α
′
0γ1)
−1γ′1
or, equivalently, on the words resulting from inversion or a permutation of the two pairs of
syllables of v1. Hence, Ω
1(B) is a nonzero direct sum of copies of Λeb0 and Λec0 , showing
B to have projective dimension 1. To deal with m = 2, we note that all band modules over
Λ2 have syzygies in Λ1-mod. Indeed, the only primitive word (up to inversion and cyclic
permutation of pairs of syllables) involving syllables not available in the alphabet for Λ1
is v2 = (β
′
2)
−1β2(γ
′
2)
−1γ2. By Proposition 2.2, the syzygies of the band modules based on
this primitive word are again band modules; the orientation diagram shows these syzygies
to be band modules in Λ1-mod in fact. This implies p dimB = 2, whenever B is a band
module in Λ2-mod \Λ1-mod.
Finally suppose that m ≥ 3. Then the only primitive word vm not consisting of sylla-
bles defined over Λm−1, again up to inversion and permutation of pairs of syllables, are
as follows: v3 = (α
′
2α3)
−1α′3(γ3)
−1γ′3, and vm = (αm)
−1α′m(βm)
−1β′m for m > 3. On in-
spection of the orientation diagram, we find that the (first) syzygy of any band module in
Λm-mod \Λm−1-mod is a band module in Λm−1-mod \Λm−2-mod, whence our assertion
follows by induction. 
We precede the final claim with an outline of the end game: Clearly, the first syzygy
of the module St(w), where w = α1(γ1)
−1γ′1, has a direct summand Sd0 of projective
dimension r. In showing that, in contrast to Claim 3, the big finitistic dimensions of
the Λm keep growing as m increases, the finite words over Λ1 extending the word w
on the right – by way of the syllables (β1)
−1, β′1, (α0γ1)
−1, γ′1 – play the pivotal role.
From the orientation diagram one gleans that, as syllables are added, the first syzygies
of the corresponding string modules retain the direct summand Sd0 , accrue additional
projective summands in Λ1-mod, and sport precisely one indecomposable direct summand
of infinite projective dimension (rotating among finitely many isomorphism types). This
exceptional summand keeps moving to the right in the process, if the syzygies are displayed
in the orientation of the diagram. As a consequence, the interloper summand of infinite
projective dimension disappears as we pass to the right infinite word that results from a
cyclic repetition of the four add-on syllables. The corresponding generalized string module
is called M1 in the proof of Claim 4. The crucial point is that M1 arises as an (m− 1)-th
syzygy of a module in Λm-Mod for m ≥ 2.
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Claim 4. Fin dimΛm = r +m for 1 ≤ m ≤ r + 1. In particular, Fin dimΛr+1 = 2r + 1.
Proof. We define M1 ∈ Λ1-mod to be the generalized string module with graph
a1
✹✹
✹✹
✹ c1
✡✡
✡✡
✡
✹✹
✹✹
✹ b1
☛☛
☛☛
☛
✮✮
✮✮
✮✮
✮✮
✮✮
✮ c1
✡✡
✡✡
✡
✹✹
✹✹
✹ b1
☛☛
☛☛
☛
✮✮
✮✮
✮✮
✮✮
✮✮
✮ c1
✡✡
✡✡
✡
✹✹
✹✹
✹ · · ·
a0 b0 a0
✠✠
✠✠
✠
b0 a0
✠✠
✠✠
✠
b0 · · ·
c0 c0
The graph of this module can be found on the next-to-lowest level of the orientation
diagram (single edges).
Next we define M2 ∈ Λ2-mod as the generalized string module with graph
a2
✹✹
✹✹
✹ b2
✕✕
✕✕
✕✕
✕✕
✕✕
✕
✹✹
✹✹
✹ c2
☛☛
☛☛
☛
✹✹
✹✹
✹ b2
☛☛
☛☛
☛
✹✹
✹✹
✹ · · ·
c2
✹✹
✹✹
✹ b1 c1 b1 · · ·
c1
It can be found on the level directly above M1 in the orientation diagram (double edges).
M3 ∈ Λ3-mod is the generalized string module with graph
a3
✹✹
✹✹
✹ b3
☛☛
☛☛
☛
✮✮
✮✮
✮✮
✮✮
✮✮
✮ a3
✡✡
✡✡
✡
✹✹
✹✹
✹ b3
☛☛
☛☛
☛
✮✮
✮✮
✮✮
✮✮
✮✮
✮ a3
✡✡
✡✡
✡
✹✹
✹✹
✹ b3
☛☛
☛☛
☛
✮✮
✮✮
✮✮
✮✮
✮✮
✮ · · ·
b2 a2
✠✠
✠✠
✠
b2 a2
✠✠
✠✠
✠
b2
c2 c2 c2 · · ·
Its graph can be retraced in the orientation diagram above M2 (single edges).
For m ≥ 4, finally, Mm ∈ Λm-mod is pinned down by the graph
am
❁❁
❁❁
❁ bm
✄✄
✄✄
✄
❁❁
❁❁
❁❁
am
✂✂
✂✂
✂✂
❁❁
❁❁
❁ · · ·
bm−1 am−1 bm−1 · · ·
To see that p dimM1 = r + 1, consult the diagram to obtain Ω
1(M1) ∼= Sd0 ⊕ Λ2ea0 ⊕
Λ2e
(N)
b0
⊕ Λ2e
(N)
c0 . Among the listed direct summands, the first has projective dimension
r, while all others are projective. The diagram further displays the fact that Ω1(Mm) ∼=
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Mm−1 for all m ≥ 2. This yields p dimMm = r + m, and thus entails the inequality
Fin dimΛm ≥ r +m.
For the reverse inequality, we first verify that Fin dimΛ2 ≤ r+ 2, keeping in mind that
fin dimΛ1 = r+1 by Claim 1. To that end, we show that any moduleM ∈ P
<∞(Λ2-Mod)
has syzygy Ω1(M) ∈ Λ1-Mod. Indeed, if this were false, M would have a top element
normed by ea2 which is annihilated by α
′
2. Since α2 is the only arrow in Q
(2) ending in
the vertex a1, this would entail that M has a direct summand which is either isomorphic
to the simple module Sa2 or to the uniserial Λ2-module
a2
a1
. In light of Claim 2, both of
these possibilities are ruled out by finiteness of p dimM . Thus p dimΩ1(M) ≤ r + 1, and
consequently p dimM ≤ r + 2.
For every choice of m ≥ 3, any Λm-module has a syzygy in Λm−1-Mod, whence M ∈
P<∞(Λm-Mod) entails p dimM ≤ r+m by induction. This fills in the missing inequality
Fin dimΛm ≤ r +m. 
Taking Λ to be Λr+1, we thus obtain fin dimΛ = r+1 by Claim 3 and Fin dimΛ = 2r+1
by Claim 4.
Theorem 3.1. For any positive integer r, there exists a special biserial algebra Λ with the
property that fin dimΛ = r + 1, while Fin dimΛ = 2r + 1 = 2findimΛ− 1.
Remark. For m > r + 1, the little finitistic dimension of Λm starts increasing beyond
that of Λ1. Indeed, for all positive integers m, we have fin dimΛm ≥ m by Claim 3.
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